Take-down policy If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately and investigate your claim. By combining the ideas of the direct perturbation theory approach to the solution of the Dirac equation with those underlying the regular expansion as used to obtain the two-component ChangPélissier-Durand Hamiltonian, a four-component form of the regular expansion is proposed. This formulation lends itself naturally to systematic improvement by a nonsingular form of perturbation theory. Alternatively it can be viewed as a double perturbation version of direct perturbation theory, where relativistic effects on the Hamiltonian and the metric are considered separately and the Hamiltonian perturbation is summed to infinite order. The scaling procedure that was earlier shown to be exact in the case of a hydrogenic potential and that greatly improved the core orbital energies, is found to follow naturally from the current formulation. The accuracy of the various approximations to the wave functions is assessed with respect to several radial expectation values weighing different regions in the uranium atom as a test case.
I. INTRODUCTION
It is well known that relativistic effects are very important in the study of the chemistry of heavy elements. Although instead of the Schrödinger equation one then has to solve a many electron generalization of the four-component Dirac equation, fully relativistic calculations are not intrinsically more complicated than nonrelativistic ones. They are, however, very time consuming, even at the self-consistent field ͑SCF͒ level, due to the need of complex arithmetic and the large dimensions of the resulting secular problem caused by the presence of four components. Moreover one has to ensure that no spurious solutions appear, which can be done by using so-called kinetically balanced basis sets, but then one needs an even larger basis for the small component than for the large component of the Dirac spinor, leading to a substantial increase in computational effort.
Consequently it is still desirable to search for sufficiently accurate approximate relativistic methods that can be applied to larger systems than those that can be treated by the full Dirac theory. We refer to the discussion by Kutzelnigg 1 for a detailed exposition of the various approaches proposed.
In a series of papers 2-7 we have shown earlier that the difficulties with divergent operators encountered in several of these methods, are caused by their implicit or explicit reliance on expansions in (EϪV)/2c 2 . Such an expansion is in fact invalid for particles in an attractive Coulomb potential, for which there will always be a region of space ͑close to the nucleus͒ where this expansion parameter is not small. This problem was then avoided by using an alternative expansion parameter E/(2c 2 ϪV), which for valence energies remains small over all space, leading to two-component relativistic Hamiltonians that are, at least in the lowest order, variationally stable and contain similar relativistic corrections as those present in the Pauli Hamiltonian but in a regularized form. In its simplest form the regularized Hamiltonian turns out to be identical to the one derived earlier by Heully et al., 8 Durand, 9 and Chang, Pélissier, and Durand 10 using the theory of effective Hamiltonians. This regularized operator will be referred to as the CPD Hamiltonian. In this paper we will introduce a four-component form of the CPD method ͑referred to as CPD-4͒, which in view of the computational efficiency gained by using two-or even one-component methods, 2,3,7 may seem like a step backward. However, it will be shown that by an analysis of the fourcomponent CPD formalism one can achieve a deeper understanding of the mathematical origin of the two-component method and link it directly to the direct perturbation theory ͑DPT͒ formalism proposed by Rutkowski 11 and Kutzelnigg.
1, 12, 13 This gives a nice example of the efficiency of the partial infinite summation techniques in perturbation theory as a tool for avoiding divergencies, such as have been used in many-body theory for a long time ͑see, e.g., Ref. 14͒. After this partial summation has been performed the resulting theory can be cast into a form where the remaining relativistic perturbation affects only the metric, rather than the Hamiltonian. Moreover, the CPD-4 method provides a straightforward derivation of the ''scaled'' CPD method 3, 6 that was earlier shown to give very accurate energies and generalizes it to the calculation of other expectation values.
Although the analysis of the CPD method is carried out in this paper in terms of the four-component formalism, this hardly affects the computational aspects of our approach. All numerical calculations involve essentially only the large component solutions, the small components being always generated from them by using regular ͑nonsingular͒ energy independent operators. The method easily lends itself to the generation of higher order approximations and we will propose two methods that are correct through first order in the renormalization perturbation and which will be shown to a͒ Permanent address: Theoretical Chemistry, University of Lund, Box 124, S-22100 Lund, Sweden.
give very accurate results even for very deep lying core levels.
In order to test the various schemes proposed in this paper, we have applied them to the calculation of energies and several radial expectation values in the case of the uranium atom and we have analyzed these results in detail to assess which level of approximation is appropriate under which circumstances. It should be pointed out that, since a Foldy-Wouthuysen type transformation is not performed and a four-component formalism is retained, we can make direct comparisons to full Dirac expectation values, without complications that arise from changes in picture. 15, 16 
II. THE RENORMALIZATION PERTURBATION THEORY OF THE DIRAC EQUATION
As shown by Rutkowski 11 and Kutzelnigg 1,12,13 additional insight into the Dirac equation and its relation to the nonrelativistic Schrödinger eigenvalue problem can be obtained by writing it in a modified metric ͑␣ is the inverse of the speed of light, atomic units are used throughout͒
where the four-component solution ⌿ D is normalized in the S 0 ϩ␣ 2 S 2 metric, 1,13
͑2͒ and D and D denote the large and small two-spinor com-
͑1͒ is the Dirac Hamiltonian adapted to the metric defined by Eq. ͑2͒. The metric matrices are given by
͑4͒
In what is referred to as the direct perturbation theory ͑DPT͒, 13 all terms in Eq. ͑1͒ which involve ␣ are considered as a perturbation to what is known as the Levy-Leblond equation, 13, 17, 18 which is essentially equivalent to the nonrelativistic Schrödinger equation ͑for the differences see Ref.
where ⌿ LL is normalized as
and LL is the large component of the four-spinor ⌿
LL
. The corresponding perturbation expansion of the Dirac equation, however, though feasible, suffers from the presence of strongly singular operators. It should be pointed out that in the DPT approach based on the Levy-Leblond equation both the Hamiltonian itself and the metric are involved, since both depend on the same parameter ␣. However, a formal separation of these two perturbations is possible and leads to some interesting results.
Let us for this purpose replace ␣ on the right-hand side of Eqs. ͑1͒ and ͑2͒ by a formal parameter . Then Eq. ͑1͒ becomes
and is accompanied by the normalization condition
where the dependence of the solutions is made explicit. Using Eqs. ͑7͒ and ͑8͒ as the basis of a 2 -perturbation treatment,
and
one finds in zeroth order in
The elimination of the small component 0 in the fourcomponent Eq. ͑13͒, i.e., 0 ϭ 1
with the normalization
͑16͒
We can immediately recognize Eqs. ͑15͒ and ͑16͒ as the regular approximation to the Dirac equation, proposed almost simultaneously by Heully et al., 8 Durand, 9 and Chang, Pélissier, and Durand 10 and we shall refer to Eq. ͑15͒ by the acronym CPD. Several important features of this equation were studied in our earlier papers. [2] [3] [4] [5] [6] In particular a classical justification for Eq. ͑15͒ was given and it was shown to be an excellent approximation with several highly desirable mathematical properties, such as regularity and boundedness from below. This shows that the metric perturbation theory for Eq. ͑7͒ as given by expansions ͑11͒-͑14͒ corresponds to a regular perturbation treatment of the Dirac equation. The meaning of the zeroth-order approximation ͑15͒ and its validation can be achieved in terms of the inverse potential expansion that was used in Refs. 2 and 4. The four-component rather than two-component treatment of the perturbation expansion of Eq. ͑9͒ offers a direct way of deriving higher order CPD approximations which essentially amount to correcting ⌿ 0 for normalization. Equation ͑13͒ which is neither nonrelativistic nor fully relativistic becomes a convenient zeroth-order approximation to Eq. ͑1͒.
In relation to DPT one can consider the present approach as a double perturbation expansion in terms of two formally independent parameters ␣ 2 and 2 . The zeroth-order Eq. ͑15͒ would then result from the infinite order summation of all ␣ 2 -dependent terms in the double perturbation version of DPT. Note that this infinite summation is responsible for removing all singular operators that otherwise arise in the case of attractive Coulomb singularities such as are present in atomic and molecular ͑Dirac-Fock͒ potentials.
III. HIGHER ORDER FOUR-AND TWO-COMPONENT REGULAR EQUATIONS
In first order with respect to 2 the renormalization perturbation theory for Eq. ͑7͒ gives
where
which can be seen to be identical to the result obtained in the FORA method of Refs. 2 and 3. The calculation of higher order energies requires explicit knowledge of perturbed functions, which may be difficult to obtain for a general potential V. Rather than to consider order-by-order corrections resulting from the metric perturbation let us note that in terms of the metric perturbation theory the four-component treatment can be reduced to a two-component formalism at the level of the Dirac Eq. ͑7͒. For this purpose let us determine the small component
This leads to the following infinite order CPD-like equation for D ():
͑20͒
The disturbing energy dependence of the effective Hamiltonian becomes immaterial in the perturbation treatment, since in a given order in 2 the effective operator is always determined by energies of lower order. Consequently the problems arising in the case of general energy-dependent and non-Hermitian effective Hamiltonians 10, 19 disappear. In first order in 2 the effective operator on the left-hand side of Eq. ͑20͒ is found to be
which can be recognized as the effective operator of the FORA method.
2,3
In fact, as we shall see in the next sections, an excellent approximation to the Dirac wave function can be obtained by using Eqs. ͑19͒ and ͑20͒ directly, with the zeroth-order ͑CPD͒ energies in the denominator of the effective Hamiltonian. Such an approach gives an approximate wave function that is correct through at least first order in 2 and which we will refer to as the FCPD ͑first-order CPD͒ wave function
IV. EXPECTATION VALUES
In order to assess the accuracy of the renormalization perturbation theory in comparison with the fully relativistic Dirac solutions, we now turn to the calculation of expectation values. For arbitrary values of 2 , taking into account the changed metric, 1,12,13 one finds for the expectation value of an operator A ͗A͘ϭ ͗⌿
For operators A which do not mix the large and small com-
To zeroth order in 2 one simply recovers the CPD expression for expectation values
͑25͒
Although it is simple to write down the first-order corrections to the expectation values by expanding Eqs. ͑24͒ in powers of 2 , it will turn out to be advantageous to proceed in slightly different way, namely by considering the fourcomponent CPD wave function as an approximation to the Dirac wave function and simply calculating the expectation value according to Eqs. ͑24͒ with the four-component CPD wave function replacing the full Dirac solution
where the small component CPD wave function is given by Eq. ͑14͒. If we apply the first line of Eq. ͑26͒ to the case of the Dirac Hamiltonian H D itself we obtain an improved equation for the energies
where H D is defined by Eq. ͑1͒ This energy expression can be recognized as the ''scaled'' energy expression that was derived earlier by us using a different technique. 3, 6 In fact it was shown that expression ͑27͒ gives the exact Dirac energy in the case of a hydrogenic potential and provides a very accurate approximation to the Dirac SCF-orbital energies even in an atom as heavy as uranium. These observations further justify the use of Eq. ͑26͒, rather than an expansion in powers of 2 , for properties other than the energy as well. In the case of the energy the pure 2 -order result is simply the FORA expression ͑18͒ which was earlier 2,3 shown to be considerably less accurate than Eq. ͑27͒.
Although Eq. ͑27͒ is only exact for a hydrogenic potential it is possible to derive an exact scaling relation between the Dirac and CPD energies that is valid for arbitrary potentials and all values of 2 . Upon projecting Eq. ͑13͒ onto
which reduces to Eq. ͑27͒ if one approximates the Dirac solution by its four-component CPD counterpart.
If one wants to further improve the expectation values, the four-component CPD wave function itself will have to be improved upon. This can be conveniently achieved by using the FCPD wave function of Eqs. ͑22͒ and ͑23͒ to obtain corrected energies as well as corrected expectation values, using Eq. ͑24͒ with this wave function. We will refer to these energies and expectation values as W FCPD and ͗A͘ FCPD ͑first-order CPD͒, respectively, since they are correct to first order in 2 , although selected higher order contributions are present as well.
Actually once the CPD equation is solved, one can go even one step further. Then one has access to the improved energy W CPD-4 of Eq. ͑27͒, which can subsequently be used in the denominators in Eqs. ͑22͒ and ͑23͒ instead of W 0 ϭW CPD without incurring any additional computational effort. The resulting energies and expectation values will be referred to by the acronym FCPD-4.
We wish to point out that the two steps that are taken here, i.e., first adding a small component in the CPD-4 method and than improving the large component ͑which as we shall see is the main effect of the FCPD scheme͒ are indeed very similar to the effect of transforming the zerothorder two-component CPD solution ͑which can be considered to be obtained in the Schrödinger picture͒ 2 back to the Dirac picture. 15, 16 In present perturbation treatment, where picture changes never occur, such ''corrections'' to the wave function appear in higher order as they should.
V. NUMERICAL RESULTS
In order to test the four methods ͑CPD, CPD-4, FCPD, and FCPD-4͒ described above, we have applied them to the case of the uranium atom in the framework of the densityfunctional local density approximation ͑DFT-LDA͒.
2,4,5 In all cases the density from the ͑normalized͒ large component only was used in the self-consistent determination of the Coulomb and exchange potentials. In order to assess the accuracy of the wave functions in distinct parts of space we calculated the orbital energies as well as the expectation values of several powers of the radial coordinate ͑r 2 , r, r Ϫ1 , and r Ϫ2 ͒ and compared them with the full Dirac values. The results of these calculations are presented in Tables I-V. If we first concentrate on the valence ͑subvalence͒ orbitals we see from Tables I and II that for operators weighing the outer parts of the density (r 2 ,r) already the simple CPD method gives excellent results. The deviations from the full Dirac values never exceed 0.1% showing that the outer parts of the density are well represented in this approximation. In fact the more sophisticated methods hardly improve these results at all. However, if one considers the operators which weigh the inner tail of the density, i.e., r Ϫ1 and in particular , it is seen from Tables III and IV that the accuracy of the CPD density is considerably lower in this region, giving errors of up to almost 40% for the subvalence 6p 1/2 and 14% for the valence 7s 1/2 orbital in the r Ϫ2 expectation value. In Figs. 1 and 2 we show the inner part of the densities of 7s 1/2 and the 6p 1/2 orbital, respectively. It is clear from Figs. 1 and 2 that the lack of a small component in the CPD density is largely responsible for the inaccuracies in the inner region. In particular, due to the fact that the small and large Dirac components do not vanish at the same radial distances, the CPD densities exhibit nodes that are absent in the Dirac densities. Introduction of a small component through the CPD-4 scheme completely remedies the defects of the CPD method and the corresponding expectation values from Tables III and  IV are In Table V we also present the orbital energies, which are seen to be excellent already at the CPD level for the valence ͑subvalence͒ levels and again they are hardly improved upon at all by the more elaborate schemes. This shows that the orbital energies are less sensitive to the core tails of the orbitals than their constituent parts, since the potential contribution ͑and therefore the kinetic contribution as well͒ can be expected to have a similar accuracy as the r Ϫ1 expectation values discussed above.
Turning now to the ͑deep͒ core orbitals the picture changes considerably. First of all the CPD expectation values are rather inaccurate even for the operators weighing the outer tail (r 2 ,r) with errors of up to more than 20% for the r 2 expectation value of the 1s 1/2 orbital. As Tables I-IV  clearly show, now, in contrast to the situation for the valence ͑subvalence͒ orbitals, this failure is not remedied at all by adding a small component in the CPD-4 fashion. In fact in the case of the 1s 1/2 the expectation values hardly change at all when passing from CPD to CPD-4. This, at first sight unexpected, behavior can be understood by considering the form of the hydrogenic Dirac wave functions. For these functions the small and large component radial densities are proportional to each other for solutions corresponding to the lowest principal quantum number for each total angular momentum j ͑i.e., 1s 1/2 , 2p 3/2 , 3d 5/2 , 4f 7/2 , etc.͒. Since the field in which the 1s 1/2 electrons move is largely hydrogenic in nature, the transfer of density from the large to the small component as is done in the CPD-4 method, hardly affects the total density at all. The same is seen to be true to a somewhat lesser extent for the 2 p 3/2 and 3d 5/2 orbitals, although there of course deviations from purely hydrogenic behavior become more prominent. The main problem in the deep core region is that the large CPD component itself is not accurate enough and in fact is too contracted compared to the Dirac large component. This is to be expected if one recalls 3 the ͑contractive͒ scaling relation between the CPD ͑large component͒ wave function and the Dirac large component in the hydrogenic case. This contraction leads to too small expectation values of r 2 and r in Tables I and II and to too large values for r Ϫ1 and r Ϫ2 in Tables III and IV . This contraction can be clearly seen in Fig. 3 for the 1s 1/2 orbital in both the CPD and ͑almost equal, vide supra͒ CPD-4 densities. In orbitals other than 1s 1/2 , 2p 3/2 , 3d 5/2 the small and large component radial densities are no longer proportional even in a hydrogenic potential and the absence of a small component contribution partly compensates for the too contracted large component density, leading to perhaps fortuitously accurate values for ͗r͘. Introducing a small component density in the CPD-4 method then leads to less accurate results since the cancelation no longer takes place, while the large component is still too contracted. On the other hand if one looks at the r Ϫ2 expectation value for e.g., the 2 p 1/2 in Table IV , it is clear that the absence of a small component in the CPD wave function leads to insufficiently contracted total densities, as is also evident from Fig. 4 . This effect is particularly strong for p 1/2 orbitals, since these have compact small components of a s 1/2 -like form and indeed the p 1/2 expectation values are improved considerably by the introduction of a small component in CPD-4.
In order to improve the large component one has to go to the FCPD or FCPD-4 scheme and indeed Tables I-IV show that already the FCPD method is capable of providing very accurate expectation values for all operators considered. Only in the case of the 1s 1/2 orbital do we see an appreciable improvement of FCPD-4 over FCPD. In Fig. 3 for the 1s 1/2 density we see that the Dirac density is very well reproduced by both the FCPD and FCPD-4 densities, only the former showing a small but distinguishable deviation on this scale near the maximum of the density.
As shown in Table V the energies of the core orbitals are, in contrast to the valence orbital energies, not represented very accurately at the CPD level, with errors up to almost 15% for the 1s 1/2 orbital. However, the CPD-4 energies ͑i.e., the ''scaled'' energies discussed before in Ref. 3͒ are seen to be very accurate indeed, which at first sight seems a little surprising in the light of the earlier discussion of the other expectation values, where the CPD-4 method hardly improved upon the CPD results for the core orbitals. The explanation of the accuracy of the CPD-4 energies lies in the fact, 3 mentioned in Sec. IV, that the CPD-4 energy expression Eq. ͑27͒ actually gives the exact Dirac energies in the case of a hydrogenic potential. Although the self-consistent field experienced by the core electrons is of course not exactly hydrogenic, this property of the CPD-4 energy expression can still be held responsible for its accuracy in the core region. Note, however, that this does not imply that the CPD-4 wave functions themselves are very accurate in the core region. In fact they are not, as was evident from the expectation value results. It merely shows that in the case of hydrogen the exact Dirac wave function and the CPD-4 wave function have identical energy expectation values. Actually this equality even holds for the hydrogenic 1s 1/2 ground state and would contradict the variational principle if the Dirac equation did not possess a negative energy spectrum unbounded from below.
The accuracy of the CPD-4 energies across the whole range examined in Table V should therefore be ascribed to two different sources depending on the part of the spectrum considered; in the core the wave functions themselves are not very accurate, but the energies remain quite good due to the exactness of CPD-4 for hydrogen, while in the valence region the CPD-4 wave functions themselves are quite close to the full Dirac solution, so that their energies are accurate as well.
It is also apparent from Table V that the FCPD method performs somewhat worse for the energies than CPD-4, even though, as we have seen, the wave functions and densities are considerably improved judging from the expectation values in Tables I-IV . This can be understood from the fact that although the wave functions are better, the hydrogenic exactness property of the energy expression ͑27͒ is lost at this level. If we finally go to the FCPD-4 approximation, the wave functions are so close to the full Dirac solutions that the energies become very accurate as well, with remaining errors at about the same level as for the CPD-4 energies.
Finally it should be pointed out that, as mentioned before, in all calculations presented here, the self-consistent potential was determined from the ͑normalized͒ large component alone, rather than from the full density corresponding to the wave functions under consideration. This of course introduces additional deviations from the fully selfconsistent Dirac solutions. However, as the FCPD-4 results in Tables I-V show, the corresponding errors are very small for both the energies and the expectation values. The largest deviations are found in the 5 f shell, as is seen especially in Tables II and V . This is to be expected since the 5 f orbitals are the most sensitive to the indirect effects of the selfconsistent potential as was analyzed in detail earlier by Schwarz et al. 20 It should therefore be quite feasible to perform reasonably accurate ab initio Dirac-Fock calculations using the density from the large Dirac component alone, provided it is renormalized to the correct number of electrons. This obviates the need to calculate a large number of the two-electron integrals that involve the small component basis. Such a scheme would, without sacrificing much in accuracy, be considerably more efficient than implementations that calculate all integrals.
VI. CONCLUSIONS
By combining the ideas of the regular Hamiltonian method for solving Dirac's equation with the direct perturbation technique of Rutkowski and Kutzelnigg, the relativistic one-electron equation for arbitrary potentials has been cast into a form suitable for nonsingular perturbation theory. This was achieved by considering the relativistic change in the Hamiltonian and the change in the metric which both enter the DPT approach as independent perturbations. The perturbation series for the Hamiltonian can then be summed to infinite order and one is left with the metric perturbation alone, while at the same time all singularities in the operators have disappeared.
At the lowest level of approximation in the metric perturbation one recovers the CPD method that was extensively studied before. However, the current formulation suggests a four-component extension ͑called CPD-4͒ that provides us with substantially improved densities by introducing a small component which can be calculated without appreciable additional effort. The CPD-4 energies were shown to be identical to the scaled energies considered in our earlier publications, and are very accurate across the whole energy scale from the deep core all the way up to the valence levels.
We have also studied the expectation values for various powers of the radial coordinate r. It was shown that for the valence ͑subvalence͒ orbitals the simple CPD method gives accurate results for operators weighing the outer regions of the atom, but fails for negative powers of r that emphasize the inner parts of the density. However, in these last cases the CPD-4 method almost completely corrects the CPD errors, showing that they are mainly due to the lack of a small component.
For the core levels the situation is rather different. It was shown that here the errors mainly arise from an inaccurate form of the large component, which cannot be corrected for by merely introducing a small component as in the CPD-4 method. Hence it becomes essential to extend the renormalization perturbation theory to higher orders. The lowest order extension results in two improvements over the CPD and CPD-4 approximations ͑FCPD and FCPD-4͒ that were shown to indeed correct the deficiencies in the large component. The resulting expectation values then become very good even for the core levels.
The fact that the CPD-4 energies, unlike other expectation values, are also highly accurate even in the core region should be attributed to the fact that the corresponding energy expression gives the exact Dirac energies in the case of hydrogenic potentials, even though the CPD-4 wave functions may not be very accurate in this energy range.
Finally in all calculations the self-consistent potential was determined from the renormalized large component density alone. The fact that the FCPD ͑FCPD-4͒ results ͑both energies and expectation values͒ are nevertheless very accurate suggests that also in traditional ab initio methods it should be a good approximation to use only the large component of the density in the SCF potential, provided it is renormalized to the correct number of electrons.
